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ABSTRACT
The quaternion are a number system that extends the complex numbers. It uses in theoretical and applied branch of
mathematics. The main applications of quaternion are filter design and color image processing. It has vital role in
animation field.

The aim of our work is the convolution structure of Fractional Quaternion Fourier Transform is given which is
useful in image processing. Also we have proved some basic properties like associative, distributive, linear, shifting
for the convolution of Fractional Quaternion Fourier Transform.

KEYWORDS: Fourier transform, Fractional Fourier transform, fractional quaternion Fourier transform,
quaternion.

INTRODUCTION
In 1929 the fractional Fourier transform has been introduced by Wiener, then it has been studied by Condon in

1937, Bargamann in 1961, de Bruijin in 1973 and it rediscovered by Namias in 1980, McBride & Kerr in 1987 and
Mustard in 1987. Then Lohnmann in 1993, Ozaktas & Mendlovic in 1993-1994, Alieva in 1994, Almeida in 1994
has been studied the Fractional Fourier transform extensively in their research work [12]. Fractional Fourier
transform has many applications like pattern recognition, optics, signal processing, watermarking , cepstrum
analysis and in many other fields. [7,8]

Quaternion
The ideas of this calculus of quaternion, as distinguished from its operations and symbols, are fitted to be of the
greatest use in all parts of science.

The Quaternion algebra over R denoted by H is an associative, non commutative

H ={q = qo + @17+ a2 + qsk, 4o, 41, 42, 43€R}
and multiplication laws:
ij=—ji=k, jk=—kj =i, ki=—ik =], 2 =2 =k? = ijk = -1.

The quaternion fractional Fourier transform is mainly used in object recognition, reconstruction, in color
images.[3,5] . Quaternion play an important role in animation field because it compose rotation nicely and mainly it
gives spherical interpolation.
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Quaternion Fourier Transform convolution is useful to study hypoellipticity and to solve the heat equation in
quaternion algebra framework. It is also used to find the solution of generalized heat equation is extension of
solution of the classical heat equation [6].

In our previous work [9] we have been studied convolution theorem for two dimensional fractional Fourier

transform. In this paper we discussed the definition of fractional quaternion Fourier transform, the convolution
structure and some important properties of fractional quaternion Fourier transform.

l. Definitions
2.1 Two Dimensional Fractional Fourier Transform

The two-dimensional fractional Fourier transform with parameters o of f(x, y) denoted by

2DFRFT{ f (x, y)} performs a linear operation, given by the integral transform. 2DFRFT
{fe) = Fa@Em) = [0 /7, f& YKo (x,y,p, )dxdy--—(1)

1—-icota 1

WhereKa(X, y,D, q) = |——ez2sina

2w

[(x2+y2+p?+q?)cosa—2(xp+yq)

— Claeicz,x[(xz +y2+p2+q?)cosa—2(xp+yq)

1-icota 1
where C, = |[———, Cyp =

2

T
wma 0SO<3 —(2)
2.2 Fractional Quaternion Fourier Transform

For any two dimensional quaternion function

foy) = fr(x,y) +ifi(x,y) +JfjCy) + kfi(x, y) given by f.(x, %), fi(x,¥), fj(x,¥) and fi(x,y) are real, the
fractional quaternion Fourier transform of f(x, y)is denoted by FRF,;;{ a0, ® Q) &

FREy) o, (@) = FRE 4, {f (x, 1)} |
= [ K up)f(x, 9K, (v, @) dxdy

. i 2 2
; 1-icot®; ————|(x%+p?)cos®1—2xp] b2
i _ ’ _
Ka’1(x' p) - 2 ezsindy ' q)l =aq 2
. : i 2,2
Ji _ 1-icot®; s——/(y%+q?*)cosPd,-2yq] _ bid
KL, g = [ g 0= a,

1. Convolution structure for Fractional Quaternion Fourier transform

Theorem: For any real, scalar or complex signal f(x,y) and convolution kernel g(x,y) and

h(x,y) = (f xg)(x,y)

_ |1zicot®, |1-icot®, _—i[(xzcot(2)1+yzcot(z)2) i[(xzcot(2)1+y2cot(2)2) —i[(xzcot®1+y2cot®2)
‘J 2n \[Zn ¢ {e2 foy) xgx,y) ez }

where, * is the Fractional Quaternion Fourier Transform convolution operator then

L 2 2
Frpayth(e, )} (p, @) = ezlPicotOrraieetds) p o te(e IF, o {g(m,n)}
Proof-
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Foy e, th (2, 9) 3D, 9)

= f f h(x,y) Ka, a, (X, ¥, 0, @)dxdy

—00 —00
. . e i
_ 1—icot®, |1—icot@, f f h(x y) e%(xzcot(bl+p2cot(01+yzcot(2)2+q2cot®z)
2 2 ’
—00 —0

e —i(xpcosecP,+yqcosecdr) dxdy

(o] (o]
_ |1 —icot®; [1—icot@, eé[(pzcomﬁqzcotq)z) f f hx,y) e%(X200f01+y200t®2)

2n 2n
—00 —00
e—i(xpcosec®1+chosec(2)z)dxdy
From given
_ 1 —icot®, 1 —icot®, e%[(p200t01+qzcot®2) J j e%(x2c0t®1+y2c0f02)
2n 2n

—00 —00

e—i(xpcosec®1+chosec®2) {e%t[(x2cot®1+y2cot(2)2) [e%[(xzcot®1+yzcot®z) f(x y) % g(x }’)
) )

e%[(x2 cot®1+yzcot®z)]}dxdy

2
_ 1-icot®,; [1—icot®, e%[(pzcot(z)1+qzcot¢2) f°° f°° e~ i(xpcosecd+yqcosectd,)
27 21 —o =

(=I5 F(t,9)F (x —t,y — s)dtds}dxdy (As per our previous work[9])

2.
=<\/1—icot®1\/1—icot®z) eé[(p2c0t®1+qzcot$2) f°° J‘°° e—i(xpcosec®1+chosec02)
-0 J—0

21 2w

{f_‘”oo f_oooof(t' S)e%[(tzcot®1+szcot®z)g (x _ t,y _ S) e%[(x—t)2c0t01+(y—s)2c0t®z dtdS}dXdy

2
_ 1-icot®; [1—icot®, e%[(p2c0t®1+qzcot@2) f°° f°° J'°° J'°° g~ i(xpcosecd,+yqcosect;)
21 21 —00 =00 ¥—00 =00

F(t,s)g (x—t,y — S)e%[(tzcot@1+szcot@2) e%[(xzcot%—2xtcot@1+tzcot¢1) e%[(yzcot(ziz—Zyscot(Dz+szcot02)dtds}dxdy
Puttingx —t=m, y—s=n
x=m+t, y=n+s

2 .
_ 1-icot®; [1—icot®, e%[(pzcot(zﬁﬁqzcot@z) f°° f°° J'°° J'°° e~ il(m+t)pcosecds +(n+s)qcosecsd,]
27 2T —00 =00 ¥—00 =00

f(t, s)gim,n) eé[(tzcot®1+szcot®z) e%[(m+t)2COWH—Z(m*’t)tcomi"'tzcoml)
i 2 2
eE[(n+S) cot@p—2(n+s)scotP,+s COt@z)dmdndtds

2 ) ,
’l—icot(z) ’1—icot(z) © (o0 o0 oo Lit24p?)cotp, —it 01 H(mZcotp,—i )
= ( Tl - 2) f_oo f_oo J‘_oo f_oof(t’ S)g(m, Tl) ez( p“)cotP,—itpcosecPq ez(m cot@,—impccosec 1)

i . i .
eE(sz+q2)cot®2—qucosec(Z)Z ei(nzcot(bz —ingccosec®;) dmdndtds

21 2m

2 .
:<\/1—L’cot¢1\/1—icot®2) e_%(p2c0t®1+q2cot(b2) foo foo foo foo f(t,s)g(m,n)
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e%[(t2+p2)cot®1+(52+q2)cot®2] e—i[tpcosec(2)1+sqcosec®2] e%[(mz+p2)00t®1+(n2+q2)60f¢2]
e~ilmpcosechrtnqcosecol g dndtds =000 =emeeeemeceemeceeeeo (3.1)
— e—%(p2c0t®1+q2cot®z) f f f(t,s) Kal,az(t' s,p, q)dtds
J5 I 9(m ) Ke, o, (m,m, p, @)dmadn
= ez lWreotonraieotts) p o (£ (t,5)} iy, {9 (m, ) (32)
11. Some Basic Properties of Quaternion Convolution
3.1 Linearity property
Prove that
() (Af +4.9) xh=A(f *h) + Ay (g * )
(i) h* (Aif +Az29) = Ai(h* f) + Ay (h * g)
where A,, A,eH
Proof-
(i)Consider
LHS = (A, f +A,9) xh
=px*h (B = (Aif + A:9))
By using (3.1) and (3.2)
LHS = B +h

_ o3 1(pPcot0dr+qPcotd,) Fopy (B, )3Fy o, th(m, )}
= RO [ (56,0} Ky, (5P, s
J52, 2 {h(m, )} K, o, (mom, p, q)dmdn
— o3pPcotdi+qPcotdr) J5 L5 {[ALf (6, 8) + Arg(t, )]} Ky, (t, 5,0, @)dtds

J5 5 th(m, )} Ky, o, (M0, b, @) dmdn--mm-mmeeemeee- 1)
Now we consider

RHS = A (f «h) + A,(g * h)
By using (3.1) and (3.2)

= o o0t a0 (g (f # )Y+ A{Fy, 0y (g * W))]
_ e—%(pzcot®1+q260t®z){A1[f_oooo f_oomf(t, $) Ko, o, (t, 5,0, @)dtds f_mm ffooo h(m,n) Ky, o,(m,n,p, q)dmdn]
AS5, 15 9(t,8) Koy, (65,0, )dtds [7 [ h(m,n) Kq, a,(m,n,p, @)dmdn]}
By using change of variable
_i 2 2 e oo o) o)
= ¢ 2P cotditq C"mZ){f_m L hm,n) Ky, o,(m,n,p,@)dmdn[A; [__ [ f(t,5) Ky, a,(t,s,p,q)dtds
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+A2 f_oooo f_oooo g(tr S) Kal,az (t' S, b, q)dtdS]

— e—%(P2c0t®1+qzcot®2){fjow f_°°00 h(m,n) K4, o, (m,n, p, q)dmdn
U2, S TALf (65) + A2 9(6,)]Kay a, (8,5, D, ) dtds}-—-(2)
From (1) and (2) result (i) is proved.
Similarly we can proved result (ii)
hx (AL f + A29) = Ay(h = f) + Ay (h x g).

3.2. Shifting Property
Prove that (i) (af * g) = a(f * g)
(i) (f xag) = a(f * g)

Proof-
Consider,
LHS = (af * g)

By using (3.1) and (3.2)
_ic2 2
= e 2Pttt o Aaf (6, )}y, ay{g(m )}

= ¢ gP7e0t1+a*0t0) [P 1 (00 )Y Ky, oy (65, p, Qdtds [Z 7 {g(m,n)} Ky, o, (M1, p, q)dmdn

_L‘ 2 2 oo oo oo oo
= e (PTeothta cot) g [C [ (£(t,5)} Kuya, (85,0, Q)dtds [ [© {g(m,n)} Koy o, (M1, p, @)dmdn

i
= ¢ 2PPCoHA OB g (£ (t,5))Fyy a0, (g(m, 1))

= a(f + g)

Similarly we can proved result (ii)

(f xag) = a(f = g)
3.3 Distributive Property
Provethat f « (g+h) = (f*g) + (f *h)

Proof-

Consider,

LHS = f*(g+h) =f*rw (trw=g+h)
By using (3.1) and (3.2)

LHS = f*w

= PRI e VE, oy (w0(m, )
= emaeOt0aRe0t0) [ [ (£ (e VK, (65,p,q)dtds [ [ {0, 1)} Ky ey (1, p, )dman
= e EPP OO0 [ 12 (£ )} Ky o (65,0 @) [ (g + RY(M, M)} Kery , (., @)l
= e IR0 [ [ (£ N} Ky gy (b5, )dEds (7, [ {g(M 1)) Kegy (M, P, q)dmdln
+ [ [ (h(n, W)} Ko, o, (m, 1, p, @) dmdn}

= e W OB [V [ (F(t,)} Kayay (65,0, dtds 7, [ {g(m, )} Ka, o, (m,n, p, q)dmdn)
H T T (&)Y Kapa, 5,0, @)dtds [ [7 h(m,n)} Ky, o,(m,n, p, @)dmdn}
=(fxg)+(f*h)
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3.4 Associative Property

Prove that-

(fxg)xh=fx(g*h)

Proof-

Consider

LHS =(fxg)xh =6 xh (+6=f=*g)

By using (3.1) and (3.2)

= O OOICOOD (51, 5)}Fr 0, Thm, )
= e R OO0 [ [ (5t Y} Koy (65,0 @)EdS [, [ (RN, 1)} Koy (m,m,p, )dmeln
= e s OO0 [ [ ((f 4 9)(t,5)) Ky (85,0, )dltds [, [ {ROM, 1)} Koy, (M, 1, p, @)dmdn
= oW ([ [ [ WO (1 (5,5)) (Fayy9 (5K ey (65, P, Dt ]
| [20 S (m, m)} K, (m, m, p, q)dmaln
= o HWP oA e0t0) PP otDuHaPe0t0) ([ (P [ (P [P £t YKoy (8,5, Py q)deds
1% 0% g n))Ky, o, (mn,p, @)dmdn] Ky, o, (¢, 5,p, Q)dtds} [* [ h(m,m)}Kq, o, (m,n,p,q)dmdn

— o 3(PPcotBi+qPcotds) ,—5(p?cotds +q2cotdz)

{ffooo ffooo [ffooo ffooof(t, $)Kq, o, (t, 5,0, )dtds] Ky, o, (t, s, p, q)dtds}
[ffooo ffowg(m, n)Key, o, (M, 1, p, q)dmdn f_oow f_oow h(m,n)} Ky, ,(m,n,p, q)dmdn]

— e—g(pzcot®1+q2cot(bz)e-5(p2c0t®1+q2cot¢z) f_""w f_""oo[f_""w fjooof(t' S)Kal,az (t,s,p, q)dtds]
. [ gmn)K,, o, (m,n,p,q)dmdn [__ [ h(m,n)}Ky, o,(m,n,p,q)dmdn] Ky, o,(t,s,p,q)dtds =
f*(g*h)

3.5 Conjugation Property
Prove that-

(frg)=g+*f
Proof-
By using (3.1) and (3.2)
_io2 2
frg=e P ORITCOIE  {F(t )}y {g(m,m)}

i [oe] (oo} [oe] [ee]
= 2P0 [ [ (£(t,5)} Kayay (& 5,1, @)dltds [, [T {g(m, 1)} Koy, (mom,p, @) dmdn

2
. . L
frxg= (JMJM) eg(pzcotwﬁqzcot@z) f_°°oo f_°°°o f_"‘; f—woof(t’ s)g(m,n)

2w 21

e—%[(t2+p2)cot®1+(52 +q?)cot®,] i[tpcosecPi+sqcosecD,] e —%[(mz +p?)cotP+(n?+q?)cotd,]

e
e i[mpcosec®,+nqcosec®,] dmdndtds

2
_ 1+icot®, [1+icot®, e%(pzcot01+qzcot®2)
21 2

ffooo ff‘; f(t,s) e—%[(tz+P2)C05@1+(52+q2)005®2] eiltpcosecds+sqcosecds] dtds

f_"; f_";g(m' n) e—%[(mz+p2)cot(b1+(n2+q2)cot®2] gilmpcosec®s+nqcosecz] gim dn

=g*f

Hence proved.
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BASIC PROPERTIES OF QUATERNION CONVOLUTION

1 Linearity Property (i) (A f +A4,9) xh=A,(f xh) + A,(g = h)
(i) h= (A1 f+A9) =Ai(h=f) + Ay(hxg)

2 Shifting Property (i) (af xg) = a(f xg)
(i) (f xag) = a(f * g)

3 Distributive Property fr@+h=(*g+ ([ *h

4 Associative Property (f*g)xh=fx(g=*h

5 Conjugation Property (Fxg)=g=f

CONCLUSION

In this paper we have developed the new convolution structure of Fractional Quaternion Fourier Transform which is
useful in image processing. Also some basic properties of quaternion convolution are proved.
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